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II. The BoSlrine of Combinations and Alternations , Im¬ 
prov'd and Compleated , by Major Edward Thorny- 
croft. 


I N order to underfhnd what follows, it muft be obfer- 
ved, 

ift, That as in the notation of Powers, a a a a b b bc c 
is defign’d by a* b 3 c 2 , and univerfally p times the pofition 
of a, q times the pofition of b, r times the pofition of c, 
by a p b p c c , fo in things expos’d likewife : funlefs where 
’tis propos'd they fhould be all different) which Indices, 
as they have here no relation to Powers, but exprefs only 
the Occurrences of thofe things, to which they refpefrively 
belong 5 I therefore call Indices of Occurrences. 

2dly, That as often as I (hall hereafter mention the 
Combinations or Alternations of the p s qsr s ors s , (which 
confider’d by themfelves are capable of no variation) I 
mean of thofe things whofe Indices they are. 

gdly, That m is generally put for the whole number of 
things expos’d, whether all different or not, i, e. equal to 
the fum of their Indices; and n, for fuch a number of 
them, as each Combination and Alternation muft confift of 5 
(unlefs prefuppofed equal) which explains what is hereaf¬ 
ter meant by. the Combinations and Alternations of m things 
taken n and n; or of ni things taken m and m; and the 
like Expreflion, by whatever Symbols the number of things 
out of which the Combinations and Alternations are to 
be made, or of which they are to confift, may be de¬ 
sign'd. 
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Lemma I ft. 

If in a right Line, at any diftances, be plac’d any num¬ 
ber of things, abed, &c. the number of the Intervals 
ab, be, cd, &c. terminated each by two adjacent things, 
is one Isfs than the number of things. 

For, whereas every Interval is terminated by two ad¬ 
jacent things, if to any number of things, be added one 
thing more, one Intervalonly is thereby added. Q.E.D. 

Lemma 2d. 

The number of the Alternations of m things a bed, &c. 
different each from other, taken m and m, is m times the 
number of the Alternations of m—1 things a be, taken 
m—1 and m—1. 

For, ("by Lem. ift ) the laft Letter d, befides thepofition 
it hath, may have m—2 pofitions, viz. in the Intervals 
which are between m—1 things ab but it may alfo 
have one more, for it may be put firft of all, it may there¬ 
fore have m pofitions $ and thofe in all the different Or¬ 
ders, whereof m— 1 things are capable 5 which being all 
the pofiible pofitions of d, in all-tbe varieties of a b c, is all 
the variety whereof the whole number- of things expofed 
abed, &c. is capable. Q. E. D. 

Lemma 3d. 

The number of the Alternations of m things abed, &c. 
different each from other, taken m and m, is equal to m x 
m—ix mm—2 * m — 3 * m— ^&c. continu'd to m places. 

For let mO, exprefs the number of the Alternations of 

ra things different each from other $ m—1 O, of m_1 

things and the like. 

Tis evident that if m.== 1, It will be m O = m • for 
there can be but one order of one thing. 

And if m be greater than unity, then will it be(? y Lem.2) 

m O =ro *m—1 0 = mx m—-1 x m—-2 O ~ ik * m 1 * 

m—2 
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m i-2 x m—3 O =, &C. till we have an Equation con¬ 
fining of m places 5 i, e. = m x m—1 x m— 2 * ra— 3 * 
&c. continu’d to m places. Q E D. 


Lemma 4th. 

If m » Exprefs the number of the Alternations of m 
things a P b p c p d q e’f t &c t taken m and m, and * the number 
of p r , $ the number of q’, y the number of r', it will be 

m st t x m—a x m-»-i * m«-*4 * m —5 x &c. c ontiau’dto m place** 

® w p X p_i X p -2 X &C.X x 9 X q—i x 8 «. £ Kt xr-i xfltc, 7 each Scale* continued to 

p, q, r, places refpedively. 

For the number of the Alternations of any number of 
things, however divided into parts, is produc’d by a con¬ 
tinual Multiplication of the Alternations of thofq things a- 
mongftthemfelvesrefpedively, which compofeeach part,into 
the number of their Alternations oneamongft the others i. e. 
in the prefent cafe (“the feveral occurrences being fuppofed 
to compofe the feveral parts, and confequently the number 
of the Alternations of the things compofing each part equal 
to unityJ m « — to the number of the Alterhations of the 
things compofing the parts one amongftthc other 5 but the 
number of their Alternations one amongftthe other, is the 
fame in this cafe, as if the things expos’d, being all different, 
were divided into the fame parts5 for the things which 
compofe each part in both cafes, are different from the reft 
of the things expos’d 5 i. e. by Lem . 3d. 

m x r x x rn -5 * * *' f fy-miffne d tom place* 

® * S pXp-'-i X p-7x'S;c.l*'xq~q*‘i x&e.^ x rX rV-t x See. '•? cschScrieitiaiiimcd 

to p, q, r places refpe&ively. Q. E.D. 


Lemma 5th.’ 

The number of the Combinations of m things a bed, 
&c. different each from other, taken n and n, is equal to 
m* m-i-x * m each Series continued to n places 
n *For if the”things expos’d be divided in two parfs, vi%. 
in'the ratio oi pand m—n, ’tis evident that their different 
A a aa a a a a a a a a a Com* 
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binations taken n and n, are produc'd by the Alternations 
cf the things compofii g the parts one amonglt rhe other: 
And therefore the number of thofe == to the number of 
tiiefe = to the number of the Alternations of m things 
taken m. and m, the Indices of whofe occurrences are n 

nrl rn n **_* m—i * ri >—2 x m—3 * & <% continued to m places 

aiKl til —U = n x n _ r * & c> x m—n X m-11-ix icc.each Series continued ton and m-n 

places refpe&ively (by Lem. 4th) i. e. becaufe n m—n 
= m = - 1224. m -~ * ^ - dr -each Series continued to n places 

n x n- iXn-2 x 11—3 &c. * 

Q. E. D. 

But the number of the Alternations in every Combina¬ 
tion is = n * n — 1 * n-2 * n — 3*, &c. continued to 
n places, by Lem. 3d therefore. 

Lemma 6 th, 

The number of the Alternations of m things a b e d, &c. 
different each from other, taken n and n, is = m * m — i 
* m — 2 x m — 3 *, &c. continued to n places. Q. E. D. 

Scholium. 

Since in the things expos’d the fame things may occur 
more than once, and alfo n be lefs than m, the Indices of 
the occurrences which are in fome of the Combinations of 
m things taken n and n, may differ from thofe which are 
in others $ but thofe Combinations, the Indices of whofe 
occurrences are the fame, are faid to be in the fame form: 
Therefore whereas n is equal to the fum of the Indices 
which are in each Combination taken n and n, if n be 
exprefs'd by all the different Combinations of fuch Indices 
only (being integer numbers) whereof no one may exceed 
the higheft Index of the things expos’d, and being more 
than one in a Combination, are each of them, which are 
in the fame Combination, comprehended in a diftind In¬ 
dex thereof 5 thefe Expreffions of n will neceffarily be the 
feveral forms of the Combinations taken n and n, where¬ 
of m things are capable : Whence is deriv’d a General 

The. 
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Theorem for finding the Combinations and Alternations 
of m things taked n and n univerfally: i. e. Whether nj 
confift of things all different or not, and whether n be 
equal to, or lefs than m. 


Theorem. 

If n be exprefs’d, according to all the different Forms 
of Combination which the things expos’d are capable of, 
f p — the higheft Index £ <* = the number of p* }i n every 
and ^ = next ^‘Sheft ~ the number of q'Tform of 
jr = the next higheft yy — the number of rP’Combi- 
(f = the next higheft t j> = the number of ft jnatiojt. 
&c. 

?A = the number of all Indices not lefs than pi Which are 
IjB = the number of all Indices not lefs than qf in the 
jjC — the number of all Indices not lefs than r£ things 
£D = the number of all Indices not lefs than fj Expos’d 

&c. 

and b = * -f g, c.= b + j-, d = c -V J*, &c< 

I fay the number of the Combinations of m things ta¬ 
ken n and n, in any one Form of Combination, (hall be 
Ax A—ix A — 1 B—* *B-*• -i C -b * G-b~r 

----:— -&C. * ,-x &c. -"I ”” 

i ** — 2 /3 x /s- i y * y — i 

n r x D~c—i 

x x-r-—r—- &c. continued to fo many Terms 

as. there are different Indices in the form of Combination 
and each Term to *, g, y, -t 1 , places refpe&ivsly, and 
this number multiply’d into 

x n-i x n-2 x n - 3 x iw x n-4 x n --$ * r >-$ dec, continued to n places, 
px’t—i + p-2 x i£.|* * q~Tq-1 * [& * r * r-1 x x &c,«:stch Series continued to p,qf r 

&c, places refpeftively, (hall be the number of their Aker- 
nations- 

But the fum of all the Combinations and Alternations 
which are in every Form of n, (hall be the whole number 
of Combinations and Alternations of m things taken 11 
and n. 
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Dewonjlration. 

Firft, Then ’tis evident, that thofe Combinations, which 
are in different forms, differ from each other. 

Again, ’Tis evident that the Combinations of m things, 
as a ? b? cp d» ‘f’ g’ h c i r , &c. (the Indices Amply conli- 
der’d) taken n and n, in a form wherein are p* q*and r*. 
lhall be equal to the number of the Combinations of the p*, 
which are in the things expos’d, taken - and *, multiply’d 
into the number of the Combinations of the q* taken /S and 0 
raultiply’d into the number of the Combinations of the r' 
taken y and y. 

But becaufe p and all lefler Indices ajre comprehended in 
every Index which is greater than rbemfelves 5 therefore is 
A = to the number of p* which are in the things expos'd, 
and for the fame reafon, would B == the number of the 
q’, and C the number of r : But the number of the p*, 
which are in every form of Combination, is = * * there¬ 
fore is B — * = to the number of q s 3 alfo becaufe the 
number of p*andq s together, which are in every form of 
Combination, wherein there are qv is ~ « •+• /3 = b 5 
therefore is G — b = to the number of r s , and fo on, how 
many fbever were the different Indices in any form of Com¬ 
bination. 

But (by Lem. 5thJ the number of the Combinations of 
the p*, which are in the things expos’d, whofe number is 

A, taken * and *,is ~ * ~ " 2 ^ continu’d to 

* places, and the number of the Combinations of the q*, 
whofe number is B— *, taken 0 and 0, is 
** 2 continued to 0 places, and the number 

K :0 —2 . 

of the Combinations of the r«, whofe number is C—b» 
taken > and >, is &c ' continued to > 

places Qj E. D, But 
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But every Combination, in one and the fame form, af¬ 
fords the lame number of Alternations: Therefore, the 
number of Alternations, in any one form, is fo many times 
the number of Combinations, as is the number of Alter¬ 
nations in any one of cheie Combinations. 

But (by lew. 4th) the number of Alternations in any 
of thofe Combinations (ball be 

n xh x n-2 x r-j x ri-4 40-5 x n-6 * & c. continued ton places 
p x p r t x p-2 x &c i^ * 9 x x &c.J^ K 1 K r— 1 x Ac. 1 * K cachSeiies continued to p qr 6 cc. 

places refpeftively. Q. E. D. 

Now to make an application of this general Rule to thof* 
particular cafes which have already been confider’d by o- 
thers, and which are contain’d in our 3d, 4th, 5th and 6th 
Lemmas , and by us more generally demoriftrated $ I fay 

If n = m, there can be but one form of Combination, 
and but one Combination in that form 5 and therefore the 

m x m~ t x m~3 x m—3 x m—4 * to m r,Ucy 

number of Alternations = — x ^ 77 &Tc, \ V * 

&c, each Series to p q r, &c. places refpeftively, i. e. 
(ifp— i) = ra * m—-1 * m—2 x m—3 * m-4 x &o 
continu’d to m places, which are the cafes of the 4th and 
3d Lemmas. 

But if the things expos’d are all different, and n be left 
than m, which is the cafe of the 5th and 6th Lemmas, 
then alfo can there be but one form of Combination, and 
it will be A r=- m 8c <* n, and the whole number of Com- 
A x A—1 * A—2 * tyc, . _m x rn—1 * m —2 x£>V 
binations =^*^^ 7 — 2 *&c. h e ’ “nVn~iVn'-~ 2 *&c 
each Series continued to n places, and therefore the num¬ 
ber of Alternations = m x m —1 x m—2 x & c . continu'd 
to n places. 

But fully to Illuftrafe this Theorem, which, as deliver¬ 
ed in general, may feem fomewhat too Abftraffed, to be 
commonly underftood, I (ball fubjoyn one IbortExam- 
pie. 
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Example. 

Let the things expos’d be a a a b b b cc, or according to 
our way of notation a* b J c 2 $ ’Tis requir’d to find the num¬ 
ber ot their Combinations and Alternations taken 4 and 4. 

Then (becaufe in the things expos’d, there is no one 
thing occurs more than thrice, nor more than three things 
different from each other) will all the forms of Combinati¬ 
on, which the things expos’d are capable of, be thefe. 



In the ift form will p = 3, q = 1, * == 1, 0 = 1, A = a, B = 3 

In the 2d form will p = 1,-, « = 2, — , A = 3, -— 

In the 3d form will p = 2, q = I, * = 1, 0 — 2, A = 3, B = 3 

The number of Combinati- _ A w 2 „. a._, 

ons in the ift form « j9 1 1 4 

The number of Combinati- _ A * A— i __ 3x3 ___ , 

ons in the fecond form « x a — 1 2 * 1 ^ * 

The number of Combina- _ A x B— * x B t __ 2 * i __ 

tions in the 3d form * 0 x 0 *m~i 2 » j ’ 

And the whole number of Combinations = 10 


Alfo the number of Alternations. 


In the ifl: form = 4 * 
In the 2d form = 3 x 


n x a~i x n—2 x n-3 


4 x ? x a x t 


p x p-1 x p—2} x T 
n x n—1 x x n-j 


a —a x -_ =4 x A~t 6 

r “ JXaxijl* * “ 

JLLlIl? 1 , q 

=4-r.-7i ■ =3»«=i8 


P X p-li ~ T 2 X ij 

n x n—i x n— 2 x n—3 4 x 3 * 2 X r 

In the 3d form =3 »—* =3 4 =3 * 12=36 

And the whole number of Alternations = 70 


Many are the Properties of this Theorem , in common 
with others, as, To find the Uttc'ue of a Multinomial 

rais’d 
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rais'd to any Integer power. To raife an Infinite Series to 
an integer power, though of an interrupted Order, with¬ 
out introducing any thing immaterial, or which muft af¬ 
terwards be expung’d 5 and many others. But then fo 
many Terms of the Series mutt be taken in at firft as fhall 
ferve to the purpofes of the intended approximation, 
otherwife as often as it fhall fall fhort of that, the Opera¬ 
tion mutt be began de novo. 

Manylikewife are the Properties peculiar to this Theorem , 
and great Variety of Problems might be fram’d 5 and I 
fcruple not to fay, many may occur -in Practice, which 
are folvable by this, and no other Method whatever. 

Hence may be found the number of Words whereof the 
24 Letters are capable, from one Letter in each Word, tp 
any number of Letters given; 

Hence may be found the number of all Numbers, to 
any given number of Places, which may be produc’d from 
any number of Figures given. 

Hence alfo the Compafs of a Muficat Inftrument being 
given, the Time and number of the Bars, whereof each 
Tune fhall confift, the number of Tunes may be found 
which that Inftrument is capable of. 

To give an inftance of the prodigious variety that there 
is in Mufick, I have Calculated the number of Tunes in 
Common Time, confifting of eight Bars each, which may 
be play’d on an Inftrument of one Note Compafs only, 
and it is this, via. 27584. 270157. 013570. 368586. 
999728. 299176. whereas the Changes on 24 Bells is but 
620448. 401733. 239439. 360000, which is but 


--. of the number of Tunes, and yet 

444588. 604583 J ■ 

Wallis in his Akebra demonftrates, could not be diif 



in 31557. 600000. 000000 years. 

If then the Inftrument were of as many Note' ( 


as any Inftrument now in ofe, how prodigious 
Bbbbbbbbbbbb 
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number of Tunes be encereas’d^ the Calculation of which 
(tbo much more intricate and operofe) would be equally 

attainable by our Theorem. 


III. Of Qjjifictitious or Tetri factions in the Coats of 
Arteries , particularly in the Fahes of the Great Ar¬ 
tery, by William Cow per, Surgeon , and F. d^.S. 

H Ow far Anatomical Enquiries inform in the true 
caufes of Difeafes, which have been afcribed to 
the want of Spirits in fome,and Radical Moifture in Aged 
People, &c. may be in fome meafure feen by two Ob* 
fervations, among others, publifht in the Tranfaftions 
No 280: The firft there mentioned, pag. 1195, is of a 
young Gentlewoman, in whom the Parietes , or Mem¬ 
branes, that compote the Trunks of the Arteries of the 
Arm near the Axil/a , being very much thickened, fothat 
the Diameter of its Bore was letfened to more than a third 
part of its natural (ize; infomuch that a part of the 
Trunk of the Artery cut Tranfverfel very much refem- 
bled a bit of the ftem of a Tobacco-pipe, its tides were 
fo thick, and its Bore conlequently fo much leflened : 
The other was of the Trunks of the Arteries of the Leg, 
pag. il>. that were Obftrutted by Petrifactions or Oflifi- 
cations, in a perfon about the 67th year of his Age. 
Since which I have met with feveral of the like Fnftances 
in people of years, particularly in the Leg of an old 
Gentleman, whofe Toes and Foot were Sphacelated, the 
Arteries of whofe Leg I have ftill by me, and have fent 
them herewith Inje&ed, as much as they could be, with 
Red Wax 5 in which the Offifications diminithing their 
Channels in fome places, and totally obftru&ing them in 

others. 



